
 
 
 
 

 Ekoloji 28(108): 2553-2569 (2019) 

2553 
 

 
 

Calculation of Analogs of Lyapunov Exponents for Different 

Types of EEG Time Series using Artificial Neural Networks 
German A. Chernykh 1*, Ludmila A. Dmitrieva 1, Yuri A. Kuperin 1 
1 Saint Petersburg State University, University Embankment, 7/9, Saint Petersburg, 199034, Russia 
*Corresponding author: Email: german.ch@chgerman.com 

 
Abstract: The relevance of the study is due to the need to develop reliable methods of classification of relatively 

short and complex time series, where known methods do not always give an acceptable result. The study aims at 

developing a method for constructing new numerical characteristics of time series, which are analogs of Lyapunov 

exponents for complex dynamic systems in their physical and mathematical sense.  

The developed method is new because it is based on the use of committees of artificial neural networks. The method 

was tested on time series of electroencephalograms, in particular, for comparative analysis of electroencephalograms 

of subjects in a state of meditation with their background records of electroencephalograms. Statistically significant 

results are obtained, on the basis of which, on the one hand, it can be concluded that the developed technique can be 

effectively applied to the time series of electroencephalograms. On the other hand, the developed technique allows 

drawing certain conclusions about the specifics of synchronization of large ensembles of neurons for the subjects 

practicing meditation. The developed methods and the results are of theoretical interest for researchers involved in 

the analysis of time series. Also, these methods and results are of practical value for neurophysiologists who study 

the processes of meditation by quantitative methods. 
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1 Introduction 

In the last 15 years, there has been a renewed interest in multi-channel electroencephalograms (EEG) 
of a person to solve the theoretical issues of information processing in the human brain. The main task of 
EEG analysis is to identify qualitative and quantitative features of EEG corresponding to different cognitive 
states of the human brain and to develop objective criteria for the diagnosis of brain dysfunction. 

Adaptation and development of quantitative methods of analysis of multichannel EEG with the 
subsequent application of these techniques to identify features of neurodynamics and brain mechanisms 
during different states of consciousness is an actual and important problem, both from the point of view of 
further development of methods and systems of acquisition, analysis and transmission of data, and for 
solving applied problems of information technology in medical informatics. 

In the review (Subha et al. 2010) EEG in various states of consciousness is discussed in great detail 
and linear and nonlinear methods of EEG analysis are described.  

It should be noted that in most works devoted to the study of EEG, the main methods of studying EEG 
are linear. Among them, it is possible to note the methods of spectral analysis (Fourier) and its 
generalization, such as calculation of the power density spectra, using different eigenvector methods, 
autoregression, independent component analysis, wavelet analysis and others. Details and results of these 
methods can be found in Subha et al. (2010) and Amjed et al. (2014). In the last work, the methods of linear 
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EEG analysis are considered as methods that generate features, from which the training feature vectors are 
composed for various classifiers based on machine learning models, such as Support Vector Machines 
(SVM) method, artificial neural networks, genetic algorithms, k-nearest neighbors (k-NN) algorithm and 
others (see the review of Karpagachelvi et al. 2010).  

In the 1990s a lot of works, discussing chaos in EEG series and possibility of application of EEG 
methods of nonlinear chaotic analysis appeared. Some authors responded positively to this question. For 
example, the work (Babloyantz 1988, Faure and Korn 2001, Korn and Faure 2003). Other authors 
recognized EEG series as nonlinear stochastic processes in which there is no chaos and to which methods 
of nonlinear chaotic analysis cannot be applied. See, for example, the work (Palus 1996) and its references. 

However, over time, methods of nonlinear dynamic and fractal time series analysis, the use of artificial 
neural networks have become increasingly popular in EEG studies, the recognition of brain neurodynamics 
as a complex nonlinear process with a noisy chaotic component is a common fact now (Stam 2005). A 
toolkit of nonlinear dynamic methods of time series analysis (see, for example, Kantz and Schreiber 1997, 
Galka 2000; and references in these works) uses the immersion of time series in lag space, calculation of 
the correlation integral and the correlation dimension of reconstructed attractors, calculation of the senior 
Lyapunov exponent or the entire spectrum of Lyapunov exponents. See references and sections 2.1, 2.2., 
2.3., 2.4., 4.1.1., 4.1.2. for details. 

The method of calculating Lyapunov exponents using artificial neural networks (Golovko and Savitsky 
2004) is described in section 2.3 (the modification of which is used in this paper to calculate analogs of 
Lyapunov exponents for EEG series).  

A separate direction is the use of the method of time series decomposition into empirical modes (EMD). 
See, for example, the works (Huang 1998, Rilling et al. 2003) and references therein. 

In recent reviews (Garc and Pe 2015, Suraj et al. 2018) the methods of nonlinear dynamic and fractal 
analysis and their features in application to EEG series are discussed in detail. These features consist in the 
fact that it is necessary to clear EEG signals from physical and physiological noises. There are many 
methods here. For example, various methods of estimation of Lyapunov exponents by noisy chaotically 
signals are discussed in the section 4.1.2. There are also references to works using these methods. 

It is possible to use methods based on EMD to remove noise from time series (see, for example, 
Kopsins and McLaughlin 2008; and references therein). 

Often, nonlinear characteristics of EEG such as Lyapunov exponents and correlation dimension are 
used as features and feature vectors for the classifiers based on various machine learning models are 
composed of them. 

Lyapunov exponents and correlation dimensions of EEG series were used as feature values in the study 
of EEG classification in various states of consciousness and in various brain dysfunctions, such as sleep, 
depression, epilepsy and some others. Details and references are given in section 4.1.2. 

One of the most important directions of the study of dynamics of brain processes is the study of the 
state of consciousness in meditation. Meditation in the modern world is positioned as a way to reduce stress, 
improve attention and even reduce aggressiveness and negative emotions. In the review (Kaur and Singh 
2015) different types of meditation, as well as linear and non-linear methods of EEG analysis during 
meditation, are described.  

The main objective of this work is to develop a method for calculating characteristics of series of 
electroencephalograms (EEG), which would be the closest to Lyapunov exponents in their physical and 
mathematical sense. In fact, we are talking about the task of extracting quantitative features from EEG 
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series. Moreover, such features that would transmit information similar to that usually carry Lyapunov 
exponents, when it comes to deterministic dynamic systems (See Discussion for details). 
2 Materials and Methods 
2.1 Reconstruction of Dynamic System by Time Series 

Let there be a time series {𝑥𝑥𝑛𝑛}𝑛𝑛=1𝑁𝑁 , generated by an unknown dynamic system, the phase trajectory of 
which we need to restore. In this case, the primary task is to construct analogues of the phase space and the 
attractor analog of this system. To reconstruct the attractor, the time series is subjected to the procedure of 
immersion into the lag space. It is the point of the time series 𝑥𝑥𝑛𝑛that is associated with 𝑚𝑚 −the dimensional 
lag vector, which has the following form: 𝑍𝑍𝑛𝑛 = �𝑥𝑥𝑛𝑛−𝜏𝜏(𝑚𝑚−1),𝑥𝑥𝑛𝑛−𝜏𝜏(𝑚𝑚−2), . . . 𝑥𝑥𝑛𝑛�, where the parameter 𝜏𝜏is 
called the lag (time delay), and the parameter 𝑚𝑚is the embedding dimension. In the lag 𝑚𝑚- dimensional 
lag space, lag vectors 𝑍𝑍𝑛𝑛 form a reconstructed attractor. 

If the time series is indeed an observed “projection” of the dynamical system behind it, then, according 
to Takens Embedding Theorem (Takens 1981), the real attractor of the dynamical system in phase space 
and the time series reconstructed attractor in lag space with an adequate selection of the embedding 
dimension 𝑚𝑚 and lag 𝜏𝜏 are typologically equivalent and have the same generalized fractal dimensions, 
generalized entropies, Lyapunov exponents and other numerical characteristics If the analyzed time series 
is the implementation of a random process, then the restored “pseudo-attractor” is a structureless cloud of 
points, which, with a successive infinite increase in the embedding dimension of lag space𝑚𝑚, like gas, fills 
the entire volume. Therefore, for the attractor reconstruction it is necessary to determine its optimal 
embedding dimension and time lag. 
2.2 Selection of Optimal Reconstruction Parameters 

The traditional selection of the optimal lag 𝜏𝜏 is based on the analysis of the autocorrelation function 
of the time series under study. The delay or lag is selected close to the first zero of the autocorrelation 
function. The considered method is based on the idea that the components forming the lag vector will not 
depend on each other, and thus the lag vectors will contain the largest amount of information about the 
system. An alternative way to determine the optimal lag is given by the mutual information method (mutual 
information) (Fraser and Swinney 1986). Unlike the autocorrelation function, mutual information takes into 
account nonlinear correlations. In this paper, this method is used to calculate the optimal lag. Lag is 
determined by the first minimum of the mutual information function. 

The method of false nearest neighbors described in the paper (Kennel et al. 1992) was used to calculate 
the dimension of the embedding space. Since the implementation of the false nearest neighbor algorithm is 
a rather resource-intensive task, a special library (Garcia et al. 2010), written in CUDA, was used in the 
work. The capabilities of GPUs were used to solve the problem of finding false nearest neighbors. 

The choice of reconstruction parameters is a very important and delicate point in the analysis of chaotic 
processes. On the one hand, it depends on an adequate assessment of the structure of the analyzed data and 
obtaining reliable information about the system under study. On the other hand, certain parameters allow 
obtaining a statistically significant prediction of the chaotic process on the reconstructed attractor and help 
to choose the most suitable neural network architecture that implements this prediction. 
2.3 Lyapunov Exponents 

Lyapunov exponent can be interpreted as a measure of how the dynamic system is sensitive to small 
changes in initial conditions. Assume that a dynamic system is defined analytically by differential equations 
or as a discrete-time image. Since the attractor of such systems is in 𝑛𝑛 -dimensional phase space, it is 
possible to distinguish 𝑛𝑛 independent directions and the system is characterized by 𝑛𝑛 Lyapunov exponents, 
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which are sometimes called the Lyapunov spectrum. In other words, the number of Lyapunov exponents 
coincides with the number of degrees of freedom of the system. Lyapunov exponents can be both positive 
and negative. The presence of positive Lyapunov exponent in the dynamic system is one of indicators of 
the chaotic nature of this system. At the qualitative level, the positive Lyapunov exponent is the value that 
reflects the exponential speed-up of close trajectories on the attractor. 

If equations that define a dynamic system are known, the most common algorithm for calculating the 
spectrum of Lyapunov exponents is the Benettin algorithm (Benettin 1980). You can also point to the 
algorithm described in the paper (Christiansen and Rugh 1997), which is more stable. These algorithms use 
orthogonalization of the eigenvectors of the linearized system by the Gram-Schmidt method. 

There are several methods for calculating Lyapunov exponents for the time series. The first is analog 
methods related to the direct measurement of the divergence rate of close trajectories. These include the 
Wolf algorithm (Wolf et al. 1985), it estimates of the senior Lyapunov exponent, which can be seen as the 
generalization of the Benettin algorithm to the time series. Important advantages of this method are a small 
number of selected parameters and independence of the method from the embedding dimension. Another 
method of assessing the senior Lyapunov exponent was proposed in two independent from each other works; 
it has the same advantages, but still does not require a change of trajectory. These are the Kantz method 
(Kantz 1994) and the Rosenstein method (Rosenstein et al. 1993). 

Algorithms associated with restoration in any form of equations of motion, approximation of the 
Jacobian matrix and calculations of Lyapunov exponents are called matrix methods. The practical 
implementation of this technique is greatly hampered by dependence on a large number of parameters. 
Among the matrix methods, the methods described in the papers (Ecrmann et al. 1986, Sano and Sawada 
1985) should be noted. There is, however, a method that allows distinguishing true and false exponents; it 
is based on the fact that when time is reversed in a dynamic system, Lyapunov exponents change signs, 
remaining the same in absolute value. The implementation of this method is presented in the paper (Parlitz 
1992). Other methods of calculating Lyapunov exponents will be given in the discussion section. 

There is a series of articles where artificial neural networks are used to generate alternative trajectories 
needed to calculate analogs of Lyapunov exponents (Golovko and Savitsky 2004). The ideas presented in 
these works are taken as a basis in this work, but they have undergone significant modification. The idea 
of the original method is quite simple. For the time series, the procedure of embedding into the lag space is 
carried out, which allows assuming that it is possible to consider the trajectory of some dynamic system in 
the n-dimensional lag space. The neural network is trained on the obtained trajectory so that it is able to 
predict the next state according to the current state of the system. Then, Lyapunov exponents are calculated 
in some way, and the neural network is used to obtain trajectories close to the existing trajectory. It is 
important to emphasize that in these studies the neural network is trained to make a prediction of the next 
state on the previous one, which naturally reflects the fact that the future (and past) of the system is 
determined by only one state. The algorithm really gives good results for systems like Lorentz systems, 
where the indicators can be calculated in the usual way, having at its disposal a system of differential 
equations that determine the dynamic systems. Unfortunately, the method proposed in (Golovko and 
Savitsky 2004) does not allow obtaining an acceptable computational result for EEG time series. In later 
works (Golovko et al. 2014, and references in it) the authors applied a neural network technique using the 
segmentation method to the analysis of epileptic EEG series. 

However, the research has shown that the procedure for calculating the spectrum of Lyapunov 
exponents and the neural network method can be modified (Golovko and Savitsky 2004), thus, it is possible 
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to obtain characteristics of EEG time series, which in this paper are called analogs of Lyapunov exponents. 
In a much simplified form, the method developed here has already been used to calculate similar indicators 
of time series based on acoustic data (Chernykh et al. 2016). It should be noted that the present work is 
mainly experimental in the sense that the conclusions on the basis of which the method is built, have only 
a computer experimental confirmation, but not a theoretical justification. 
2.4 The Decomposition of a Signal into Empirical Modes (EMD) 

EMD (Empirical Mode Decomposition) is a method of decomposing signals into certain functions, 
which are called “empirical modes” See (Flandrin and Gonclaves 2005, Huang et al. 1998) and references 
therein. 

This method is an “adaptive iterative computational procedure” in which the original data, continuous 
or discrete, is decomposed into empirical modes or intrinsic mode functions, IMF. If in the case of 
traditional harmonic analysis, the model of the signal under study is given in advance, empirical modes, on 
the contrary, are calculated during the process, which stands out in the name of the method. Due to this, 
this method can be used in the processing of non-stationary time series. 

Each series has local extrema – local maxima and local minima. Using approximation methods, these 
extrema can be used to construct envelopes: the lower one – by points of local minima, and the upper one 
– by points of local maxima, as well as the function of the “average value of envelopes; the median line 
between the lower and upper envelopes will correspond to it. 

The mode decomposition of signals is based on the assumption that any data consists of various 
internal oscillations; in other words, at any given time there are such coexisting internal oscillations. Each 
oscillation can be represented by a mode function that has its own extremes and intersections with the zero 
line. According to the concept of the method, any data can be represented as a sum of mode functions 
superimposed on the signal trend. Empirical mode is a function that has the following properties: the 
number of extrema of the function (maxima and minima) and the number of zero crossings should not differ 
by more than one; at any point of the function, the average value of the envelopes, defined by local maxima 
and local minima, should be zero. 

The first property ensures that the local maxima of functions are always above zero, the local minima 
are respectively below zero, since there will always be an intersection of the zero line between them. The 
second property ensures that instantaneous frequencies of the function will not have unwanted fluctuations 
resulting from the asymmetric waveform. Thus, the empirical mode is an oscillatory mode, but instead of 
a constant amplitude and frequency, as in a simple harmonic, it can have a variable amplitude and frequency, 
as a function of independent variables (time, coordinates, etc.). 

EMD was applied for EEG series, for example, in the works (Sweeney-Reed et al. 2004, Tomasz et al. 
2010). 

EMD has been successfully applied in a number of papers to detrend and remove noise from time 
series of different nature (see, for example, Kopsins and McLaughlin 2008; and references therein). In these 
works different techniques of detrending and noise removal are proposed. In this paper, the first few modes 
of EEG signals are interpreted as a noise component of EEG and they are subtracted from the initial 
analyzed series. This interpretation was tested earlier by the authors of this work by the method of local 
indicators of trajectories in the run-up on the reconstructed attractor (see discussion section). The remaining 
modes are assumed to be the “content” part of EEG, with which further research is carried out. 
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2.5 An Algorithm for Calculating Analogs of Lyapunov Exponents Proposed in this Paper from a 
General Point of View: Problems and Observations 

Suppose that the procedure of embedding time series of EEG in the lag space has been carried out (see. 
sections 2.1. and 2.2.). Attempts to apply the neural network algorithm to obtain the spectrum of Lyapunov 
exponents described in (Golovko and Savitsky 2004) are unsuccessful due to the poor learning ability of 
artificial neural networks, which should generate alternative trajectories required for calculations. The 
problem, apparently, occurs before the direct evaluation of analogues of Lyapunov exponents. However, 
the authors noted that if the training pairs are formed in such a way that the neural network does not predict 
one state vector, but several, the quality of neural network training can be significantly improved. In this 
case, there is a significant arbitrariness in the choice of chains of state vectors, on which forecasts will be 
built to obtain alternative trajectories (the solution of the problem of arbitrariness will be discussed below). 
Thus, we get the first necessary requirement – the use of several state vectors for the formation of input 
data in the training of neural networks. Then, it was found that the direct calculation of the spectrum of 
indicators using Gram-Schmidt orthogonalization also does not lead to acceptable results, which is 
manifested in calculation errors. This error occurs due to variations in initialization parameters of neural 
networks. In other words, neural networks with the same structure (but with different initial values of 
weights and shifts before training), give significantly different forecasts after training. As a result of 
numerical experiments, during which a series of different approaches were tested, it was found that the 
cause of the problem has a complex nature, and the solution should contain at least two mandatory steps. 
The first step is to abandon the classical method of calculating the spectrum of indicators by Gram-Schmidt 
orthogonalization and move to another algorithm that gives a more stable result with respect to neural 
network predictions. The classical algorithm in its construction is of a statistical nature in the sense that its 
performance requires a long time to observe the process of trajectories in run-up, which indirectly leads to 
the large spread of predictions made by neural networks. The second step is to use arbitrariness that arises 
from the need to supply a chain of state vectors instead of one to the input of neural networks. It turns out 
that despite the fact that different neural networks generally give different absolute values of analogs of 
Lyapunov exponents, it is possible to use additional emerging parameters. These parameters that control 
the selection of input state vectors (forecasts are made to obtain alternative trajectories) are used to adjust 
the latter so that in some sense to bring the result “to a common denominator” and get the values of analogs 
of Lyapunov exponents, which no longer depend on the specifics of neural networks. It is important that 
the algorithm of selection of variables can be uniquely determined. Thus, it is possible to formulate three 
essential components of the algorithm proposed here: 

1. application of multiple state vectors for neural network predictions; 
2. application of a new method of calculation of indicators, alternative methods using Gram-Schmidt 

orthogonalization; 
3. algorithm’s parameters adjustment during the computation process. 
The complete procedure for constructing analogs of Lyapunov exponents is described in detail in the 

next section. 
3 Results 
3.1 Detailed Description of the Algorithm 

All-time series of EEG was subjected to empirical mode decomposition (EMD) (see section 2.4), 
aimed at filtering, namely, one first mode was removed. Then, EEG time series were subjected to the 
procedure of embedding into the lag space (see section 2.1). The embedding parameters were chosen as 



 
 
 
 

 Ekoloji 28(108): 2553-2569 (2019) 

2559 
 

follows. The lag value was determined by the standard method using mutual information (see section 2.1.1). 
Implementation of the standard false nearest neighbor algorithm for finding the embedding dimension (see 
section 2.1.1) is a rather resource-intensive task, so a special library (Garcia et al. 2010), written in CUDA. 
To solve the problem of finding false nearest neighbors, capabilities of graphics processing units were used. 

The algorithm for finding analogs of Lyapunov exponents is an iterative process and it is based on the 
physical and mathematical sense of Lyapunov exponents. Each iteration of calculations is as follows 
(Fig. 1). The current state vector of the trajectory obtained as a result of the embedding procedure is taken. 
A given number of other lag vectors are randomly placed on the sphere of small radius with the center 
determined by the current lag vector. Next, a neural network is used to make a prediction on the subject of 
where the vectors are displayed on the sphere and its center in one step in time. In general, the sphere is 
deformed into an ellipsoid. 

 

Fig 1. To the calculation of the spectrum of analogues of Lyapunov exponents 
The lengths of the semi-major axes of the ellipsoid are found, after which the values are calculated 

𝑆𝑆𝑘𝑘 = ln�
𝜀𝜀𝑘𝑘
𝜀𝜀 �

, 

where: 𝜀𝜀 - the radius of the original sphere, 𝜀𝜀𝑘𝑘  - the length of the semi-axes of the ellipsoid. After 
𝑁𝑁iterations we obtain 

𝑆𝑆𝑁𝑁 = � ln�
𝜀𝜀𝑘𝑘
𝜀𝜀 �

𝑁𝑁

𝑘𝑘=1

. 

Then the required values of analogs of Lyapunov exponents will be equal to 

Λ𝑁𝑁 =
𝑆𝑆𝑁𝑁

𝑁𝑁 △ 𝑡𝑡
, 

where: △ 𝑡𝑡- time interval of one iteration. In the case of EEG series, the value △ 𝑡𝑡 is determined by the 
sampling rate set for the EEG-record, the algorithm is similar to the algorithm using Gram-Schmidt 
orthogonalization (except for the method of obtaining the 𝜀𝜀𝑘𝑘values). The lengths of the major axes of an 
ellipsoid can be found, for example, by the principal components method. However, in the present work, 
the authors used more simple method consisting in the following. First, the maximum radius of the ellipsoid 
by the length of a vector from the center of the ellipsoid to a point on its surface is found, which will be 
considered the first semi-major axis. Then all points are projected on a plane, perpendicular to the found 
the semi-axis and passing through the center of the ellipsoid. Then the procedure is repeated until the 
ellipsoid turns into a segment on a straight line. Half of the length of the segment will be the length of the 
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last semi-major axis. It should be noted that the described method leads to accumulation of errors in the 
process of transition to lower dimensions of the ellipsoid. This is because the error contained in the 
definition of the semi-major axis is superimposed on the next one as a result of projection. However, in this 
paper it was important to obtain the values of only the first two Lyapunov exponents, for which the above 
method is sufficient. In addition, by increasing the number of points selected on the sphere, it is possible to 
reduce the amount of error. 

To implement the above algorithm, it is necessary to train the neural network in order to be able to 
trace the evolution of alternative state vectors located on the sphere. Training data are prepared according 
with the trajectory obtained by the procedure of investing. The network learns to predict one state vector 
directly following the last vector from the input chain (see Fig. 2). 

 
Fig 2. Formation of training pairs for neural network 

That is, the set of training pairs will be as follows {�⃗�𝑥𝑘𝑘−𝑛𝑛+1 … �⃗�𝑥𝑘𝑘−1�⃗�𝑥𝑘𝑘; �⃗�𝑥𝑘𝑘+1}𝑘𝑘=𝑛𝑛𝑁𝑁−1,  where 𝑛𝑛  is the 
number of state vectors by which the forecast is made, 𝑁𝑁- the number of training pairs. 

An important task is to choose the method by which state vectors are created, preceding the current 
vector at a given iteration. It is necessary to monitor how the sphere surrounding the known state vector, 
which lies on the trajectory obtained as a result of the embedding, is modified within a single iteration of 
the algorithm. However, in order to make a prediction for the state vector on the sphere, it needs to submit 
not only this vector, but also several previous ones. The following method is proposed (Fig. 3). Let the 
current state vector be a vector�⃗�𝑥𝑘𝑘 . In the vicinity of this vector, as described above, a sphere of radius 𝜀𝜀1,on 
which the points that are alternative state vectors are randomly located, is constructed. The resulting 
spherical set of points is displayed unchanged in the vicinity of the previous state vectors so that the latter 
lie in the centers of the transferred spheres. Thus, identical spherical sets of points surrounding all vectors 
of the current chain are obtained. 

 

Fig 3. Formation of input vectors for a neural network 
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Then the linear scaling of the radii of spherical sets according to the following formula is performed 
𝜀𝜀1+𝑖𝑖 = 𝜀𝜀1(1 + 𝑖𝑖𝑖𝑖), 𝑖𝑖 = 0, … ,𝑛𝑛 − 1, 

where: 𝑖𝑖- scaling multiplier. Thus, the set of vectors on the sphere centered in the current state vector �⃗�𝑥𝑘𝑘 
does not change, and the rest undergo a linear transformation. When 𝑖𝑖 = 0, a spherical set will be identical 
up to conversion of broadcast. Now, in order for a neural network to make a prediction for a certain state 
vector �⃗�𝑥𝑘𝑘𝑚𝑚 lying on the sphere in the vicinity of the vector �⃗�𝑥𝑘𝑘, it is necessary to submit a chain of vectors 
that are images of the vector �⃗�𝑥𝑘𝑘𝑚𝑚, and they are not spheres obtained as a result of broadcast and scaling. 
The parameter 𝑖𝑖 is the same adjustable parameter as described in the previous section. Dependency graphs 
of partial sums 𝑆𝑆𝑘𝑘 and time are presented as an illustration of the dependence of calculation results of 
analogs of Lyapunov exponents of parameter values 𝑖𝑖. 

The dimension of the embedding space was calculated and it was equal to 5. For the case displayed 
on the graphs (Fig. 4), the parameter 𝑖𝑖 is chosen so that the third analog of Lyapunov exponents, which 
corresponds to the horizontal line, is zero. Such manipulation should be carried out for each neural network 
separately. Namely, it is necessary to choose the analog of Lyapunov exponents, which will be zero, and 
adjust the parameter 𝑖𝑖. Obviously, for the embedding space with more than three dimensions, there is 
arbitrariness in the choice of “zero exponent”. However, in view of the fact that we are dealing with analogs 
of Lyapunov exponents, for the comparative analysis of different series, the problem of choosing the “zero 
exponent” becomes insignificant. In addition, on the basis of the already conducted experiments, it can be 
concluded that it is advisable to choose the “zero exponent” based on the criterion of the minimum error 
with which the analogs of Lyapunov exponents are calculated. The hypothesis was that the minimum error 
should occur just when choosing the “zero exponent”. 

 
Fig 4.1. The dependence of partial sums and time when 𝑖𝑖 = 0 
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Fig 4.2. The dependence of partial sums and time when 𝑖𝑖 = −0.042 

3.2 Strategy of Building a Committee of Neural Networks, Training and Selection of Neural Networks 
from the Committee 

It was experimentally shown that the maximum contribution to the calculation error is given by the 
use of different neural networks. Variation of the parameter 𝜀𝜀, the number of vectors in input chains of 
neural networks (if it is not close to one), the number of points on the sphere (if it is not too small) and 
other produce errors of a smaller order of magnitude compared to neural networks. Therefore, one of the 
main tasks of calculating analogs of Lyapunov exponents is to create a committee of neural networks 
(Terekhov 2007), training and selection of neural networks used for result acquisition and error estimation. 
In our experiments we used direct propagation networks (perceptrons) with sigmoid activation functions. 
The number of layers and neurons in the layers was selected based on the following three criteria: 

1. the network structure should be as simple as possible; 
2. training errors should be minimal; 
3. there should be no network retraining effect (a cross-validation sample should be used) 
It is obvious that for time series of different complexity and length, the network parameters will 

generally differ. Once the network structure is set, it is necessary to determine the training error interval, if 
it gets into it, it will be considered that the neural network has been selected, and it can be used in 
calculations. It is necessary to select the network with the lowest achievable and equal error rate, but it is 
difficult to achieve in practice. Therefore, it is important to determine the lowest possible error rate and 
indentation from it in order to train a representative set of neural networks within acceptable time limits. 
Thus, initializing the random values of the parameters of neural networks with a given structure before 
training, selecting neural networks, based on the value of the achieved training error, we get a multitude of 
networks, which are then used to calculate analogs of Lyapunov exponents. 
3.3 Numerical Results 

The main result obtained in the framework of this study is that it was possible to obtain the values of 
analogs of Lyapunov exponents with sufficiently good accuracy, regardless of variation of parameters of 
neural networks used to generate alternative trajectories, since the main problem was precisely in the 
significant contribution of neural networks to errors in result. Averaged estimates suggest the accuracy of 
two or three significant figures for the first two maximal exponents. In the case of a more accurate algorithm 
for calculating the lengths of the major axes of the ellipsoid (see section 3.1), there is reason to believe that 
the full range of exponents can be calculated with similar accuracy.  
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Work with EEG of subjects in a state of meditation was conducted on the basis of EEG of the Moscow 
organization “Buddhists of the Diamond Way” for experienced meditators. The authors selected EEG of 
four subjects with the greatest experience in meditation practice from the recorded database. So-called 
background EEG (a resting state with eyes closed) and EEG in meditation were used. In the state of 
meditation, the subjects were asked to rid their minds of the presence of uncontrolled associative chains of 
thoughts. 

EEG was recorded according to the standard scheme with 19 channels. Discretization frequency was 
250 Hz. EEG with duration of 1 min were processed, which is 15 thousand samples. The dimension of the 
embedding space according to the false nearest neighbor algorithm was always 5. The number of points on 
the sphere was chosen to be 10000. The most significant effects, which resulted in immersion in the state 
of meditation, were identified on the channels P3, P4, O1, O2, C3, C4, T3, T4, which was manifested, in 
particular, in frequency and amplitude changes. The values of Lyapunov analogs were compared on these 
channels. Systematic analysis of EEG for meditative states is far beyond the scope of this paper, so here are 
some of the most characteristic results with preliminary conclusions. The difference between background 
EEG and meditative EEG manifests itself already at the stage of determining the lagged value for the 
procedure of embedding the time series in the lag space. The lag is determined by the average length of 
internal correlations in the time series. 

It can be concluded unambiguously that the radius of internal correlations in the EEG time series for 
meditative states is reduced in comparison with the background EEG. The preliminary conclusion is that 
the smaller the difference, the more experience the practitioner has. The numerical values of lags for all 
EEG time series ranged from one to several dozen samples, and the reduction in the delay of meditative 
EEG compared to background EEG could reach 20%. As experiments with the calculation of Lyapunov 
exponents showed, it was the difference in delays that led to a significant difference in the values of the 
senior Lyapunov exponents. 

If lags were the same (in the case of background and meditative EEG) for the same subject and 
channels, there was not difference within the error or it was insignificant (1-5%). Here, too, the maximal 
exponent was higher for meditative EEG. However, in this case the obtained difference was almost at the 
margin of error, the results should be considered preliminary. Since a significant effect of the magnitude of 
the lag on the values of analogues of the Lyapunov exponents was experimentally revealed, it is necessary 
a more systematic comparison of situations where lag has the same value for a matched series of EEG. The 
latter is the priority of our next research. Typical experimental results for one of the subjects are presented 
in Table 1. The errors were estimated by the distributions based on the use of 50 neural networks. 

Table 1. Some numerical results 
  Analogs of Lyapunov exponents 

Channel Lag 1 (Maximal) 2 3 
  Meditation 

P3 11 4.52±0.004 0±0.006 -4.5±0.05 
P4 11 5.01±0.004 0±0.006 -4.5±0.05 
P4 12 3.11±0.003 0±0.005 -4.3±0.05 

  Background 
P3 12 3.12±0.003 0±0.005 -4.2±0.05 
P4 12 2.97±0.003 0±0.005 -4.5±0.05 
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In the highlighted row (Table 1), despite the fact that the calculated lag for the P4 channel was equal 
to 11, the embedding was made using the lag 12, as in the case of the background EEG, to compare the 
results of calculating analogs of Lyapunov exponents under the same embedding conditions. It can be seen 
that there is a difference, but it is not as significant as at different delays. A similar pattern is observed for 
the cases when the lags are the same for the same channels, but different states as a result of calculations 
based on mutual information. 

On the basis of conducted studies, it can be assumed that in the state of meditation, the values of 
analogs of the maximal Lyapunov exponents for EEG series are greater than for the background EEG. 
4 Discussion 

Before discussing the problem of calculating Lyapunov exponents based on EEG series and justifying 
the need to calculate analogues of Lyapunov exponents, as well as to interpret the results, we describe the 
application to the EEG series of some other nonlinear and fractal characteristics. 
4.1 Review of Results of EEG Analysis based on Some Nonlinear Characteristics 
4.1.1 Correlation dimension of the reconstructed attractor 

The calculation of the correlation dimension of the reconstructed attractor is based on the box-counting 
method, in which all lag space is divided into equal 𝑚𝑚-dimensional cells with the size side 𝜀𝜀. 

Let 𝑁𝑁(𝜀𝜀) is the number of cells and there is at least one lag vector. Let the value 𝑛𝑛𝑖𝑖(𝜀𝜀) represent the 

number of lag vectors in the cell with the number 𝑖𝑖 , then the value 𝑝𝑝𝑖𝑖(𝜀𝜀) = 𝑛𝑛𝑖𝑖(𝜀𝜀)
𝑁𝑁(𝜀𝜀)

 , ∑ 𝑝𝑝𝑖𝑖(ε) = 1𝑁𝑁(ε)
𝑖𝑖=1  , 

represents the cell with the number 𝑖𝑖. It can be interpreted as the probability of a lag vector hitting𝑖𝑖cell. 
The correlation dimension is defined as follows: 

𝐷𝐷2 = lim
𝜀𝜀→0

ln∑ 𝑝𝑝𝑖𝑖2
𝑁𝑁(𝜀𝜀)
𝑖𝑖=1
ln𝜀𝜀

 

The values 𝐷𝐷2(𝑚𝑚) increase with the dimension of the embedding space𝑚𝑚 , and, in the case of 
deterministic signals, they go to the plateau at some𝑚𝑚. Verification of presence of such a plateau is called 
the saturation test of correlation dimension. The value𝑝𝑝𝑖𝑖  represents the probability of the lag vector hitting 
𝑖𝑖  cell. Therefore, the value 𝑝𝑝𝑖𝑖2 represents the probability of two lag vectors falling into this cell. 
Grassberger-Procaccia algorithm (Grassberger and Procaccia 1983) is the assumption that 𝐶𝐶2(𝜀𝜀) ≈

∑ 𝑝𝑝𝑖𝑖2
𝑁𝑁(𝜀𝜀)
𝑖𝑖=1  for sufficiently small 𝜀𝜀, where С2 is determined by the equation 

С2 =
1
𝑁𝑁2 � Θ(𝜀𝜀 − ‖𝑍𝑍(𝑖𝑖) − 𝑍𝑍(𝑗𝑗)‖)

𝑁𝑁

𝑖𝑖,𝑗𝑗=1
𝑖𝑖≠𝑗𝑗

 

and it is called the correlation integral. Here 𝑁𝑁 is the number of lag vectors in the lag space, Θ(𝑥𝑥) - the 
Heaviside step function. Thus, the correlation integral counts the number of lag vectors of the reconstructed 
attractor 𝑍𝑍(𝑖𝑖) at a distance not exceeding a certain value 𝜀𝜀. 

Thus, 𝐶𝐶2(𝜀𝜀) ≈ 𝜀𝜀𝐷𝐷2 for relatively small 𝜀𝜀, and the correlation dimension is given by equality 𝐷𝐷2 =

lim
𝜀𝜀→0

ln𝐶𝐶2(ε)
lnε

, that is, the correlation dimension of the restored attractor can be defined as the slope of the linear 

portion of the dependency graph ln𝐶𝐶2(ε) and ln𝜀𝜀 at sufficiently small 𝜀𝜀. 
In the paper (Jovic and Nikola Bogunovic 2007) the values of features are also correlation dimensions 

of reconstructed attractors of EEG series and some other nonlinear characteristics. Correlation dimensions 
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(along with other non-linear characteristics of the EEG series) were characteristic values in the 
classification of EEG in different states of consciousness and brain dysfunction (see section 4.1.2). 

In the paper (Dmitrieva et al. 2015) the difference between the correlation dimensions of reconstructed 
EEG attractors in the state of meditation/background and the correlation dimensions of reconstructed EEG 
attractors with the help of EMD was calculated. This difference turned out to be statistically significant for 
experienced and inexperienced in meditation subjects both in the state of meditation and in the state of 
background. 
4.1.2 Analysis of calculation and application of Lyapunov exponents of EEG 

Calculation of Lyapunov exponents for time series and, in particular, for EEG series, is a separate 
practically important, complex and very extensive task. In the section 2.2 “classical” methods for 
calculating Lyapunov exponents were described, both for analytically given dynamical systems and for 
time series immersed in lag space. Here we consider some methods for computing Lyapunov exponents in 
noisy chaotic time series, which include EEG series. In some works (Khaki-Sedigh et al. 2004, Khaki-
Sedigh and Yazdanpanah-Goharrizi 2006, Ayati and Khaki-Sedigh 2008, 2009, Kamalanand and Jawahar 
2013) matrix methods are used to calculate Lyapunov exponents in combination with different methods of 
adaptive control of chaos in noisy chaotic systems and time series. In Krishnamurthy (2012) nonlinear 
version of the Kalman filter (namely the Extended Kalman Filter) is used to assess Lyapunov exponents for 
noisy chaotic time series. In the study (Razjouyan et al. 2012) a neuro-fuzzy based model is used to estimate 
Lyapunov exponents over a time series. The work (Kamalanand and Jawahar 2013) uses Unscented 
Transformation and Unscented Kalman Filter. The study (Nazari, Ataei and Tamiz 2016) is devoted to the 
calculation of certain non-linear characteristics of EEG series, and in particular, Lyapunov exponents to 
improve the diagnosis of some brain disorders. 

It has already been noted in the introduction that nonlinear characteristics of EEG are often used as 
features from which training feature vectors are composed for different classifiers based on different 
machine learning models. 

In the works (Güler et al. 2005, Ubeyli 2010) feature values are Lyapunov exponents. Lyapunov 
exponents were also one of the values of signs in the study of EEG in different states of consciousness and 
in different brain dysfunctions. 

For example, the study of EEG during sleep was carried out in the work (Peker 2016). Dehkordi, and 
Hossein-Zadeh, Kassebaum, Foresman, Talavage, Eberhart, Kizilkaya, Ari, Demirgunes were also involved 
in this problem. In some of these works correlation dimensions of reconstructed attractors were also used 
as feature values. 

In the study of EEG during depression, the same characteristics and, in particular, Lyapunov exponents 
and correlation dimensions were also used as feature values in the machine classification of the 
corresponding EEG. See, for example, the work (Acharya et al. 2015). Other researchers in this field are 
Hosseinifard, Moradi, Rostami, Radenkovic. 

Lyapunov exponents, correlation dimensions, and other nonlinear characteristics have also been used 
by a number of researchers to study epilepsy based on EEG properties and their classification. See, for 
example, the work (Kamath 2015). Similar nonlinear features were chosen by Fiasché, Schliebs, Nobili, 
Ghosh-Dastidar, Adeli, Alam, Bhuiyan, Shahriar, Dadmehr, Gao, Hu, Tung. 

In the papers on the calculation of Lyapunov exponents presented in this section, much attention was 
paid to the methods of noise removal from noisy chaotic time series, which include EEG series. Also 
Lyapunov exponents were often characteristic values (in combination with other linear and nonlinear EEG 
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characteristics) for various classifiers based on machine learning models. All this led to the fact that the 
true Lyapunov exponents computed on the time series of EEG was adequate characteristics of EEG. 
4.2 Interpretation of the Research Results Presented in this Paper 

In this paper, the EEG classification uses characteristics that are only analogs of Lyapunov exponents. 
It should be emphasized that we do not seek to obtain exactly Lyapunov exponents in their classical strict 
understanding that, in relation to EEG series, is not a very correct goal at all, if Lyapunov exponents 
calculated on the basis of standard algorithms are not used as input features (in combination with other 
linear and nonlinear EEG characteristics) for classifiers based on the use of artificial intelligence. The main 
problem here is that the time series of EEG has some properties, due to the presence of which we cannot 
say that we are dealing with deterministic chaotic dynamics when we study the time series of EEG. We are 
talking, first, about a certain kind of self-similarity, which, in particular, is manifested in the presence of 
long internal correlations, and secondly, in the existing stochastic component. And, if the local stochastics 
can be eliminated by applying certain smoothing filters, the internal correlations are an integral part of the 
dynamics of the studied system. That’s why, along with the Lyapunov exponents, the input features of the 
classifiers based on machine learning models are the characteristics of EEG, obtained by the method of 
multifractal detrending moving average (MFDMA) (Gu and Zhou 2010), which allows determining long-
term correlation between values multifractals non-stationary time series at different time intervals. 

In addition, the specificity of EEG time series, which also significantly complicates the matter, is the 
relatively short length of stationary EEG sections. Thus, the characteristics that we obtain will inevitably 
depend on the lengths of EEG time series that are used for calculations. This, in a sense, it allows us to 
assume that we are dealing with analogs of local Lyapunov exponents. 
5 Conclusion 

As it has already been emphasized in the introduction, the strategic goal of this work was to develop 
a neural network algorithm for calculating the characteristics of time series that are similar to Lyapunov 
exponents in their properties. The specific task was to calculate these characteristics for EEG series of 
subjects who are in a state of meditation and in a resting state with eyes closed. 

On the basis of the conducted researches it is possible to draw a preliminary conclusion that analogs 
of the maximal Lyapunov exponents for series of EEG appeared more in the state of meditation, than for 
background EEG that reflects the strengthening of chaotic dynamics of processes in a brain in a state of 
meditation. Further studies are expected to conduct more extensive experiments to confirm this effect. 

The novelty of this work consists in the essential components of the proposed neural network 
algorithm for calculating analogs of Lyapunov exponents of EEG: the use of several state vectors for 
predicting neural networks; the use of a new method of calculating indicators, alternative methods using 
Gram-Schmidt orthogonalization, in the adjustment of algorithm parameters in the calculation process, in 
the use of artificial neural network committees and criteria for the selection of neural networks of their 
committee. 

The results obtained in the work may be of theoretical interest for researchers involved in the analysis 
of time series. The results of the methods developed in this paper are of practical value for 
neurophysiologists who study EEG series by quantitative methods and, in particular, meditation processes 
and they can lead to a deeper understanding of meditation. 
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