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Abstract 
Ecosystems are extraordinarily complex assemblages of plants and animals interacting with each other, with 
the physical environment, and, increasingly, with humans. Ecology is the scientific field that seeks to 
understand ecosystems. Ecologists are turning to computer models to help them make their models of 
ecosystem processes concrete and to provide predictions about the future of the ecosystem. Computer 
models allow rapid testing of ecology ideas by simulation and provide the means to run “what-if” scenarios 
that would be difficult or impossible otherwise. Petri Net Generating Triangular Arrays were introduced by 
Kuberal et al. (2015) to generate Triangular Arrays using Petri Net structure. A new model to generate 
Octagonal Arrays using Petri Net Structure has been defined and it is proved that this model generate 
Octagonal Array Languages. The catenation of an arrowhead to a b-octagon results in a similar b-octagon. 
This concept has been used in Octagonal Array Token Petri Net Structure (OATPNS). 
Keywords: computational ecology, Octagonal Array Language, Petri nets, array tokens, arrowhead 
catenations 
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INTRODUCTION 
Computational science happens when algorithms, 

software, data management practices, and advanced 
research computing are put in interaction with the 
explicit goal of solving “complex” problems. Typically, 
problems are considered complex when they cannot be 
solved appropriately with modeling or data-collection 
only. Computational science is one of the ways to 
practice computational thinking (Papert 1996), i.e. the 
feedback loop of abstracting a problem to its core 
mechanisms, expressing a solution in a way that can be 
automated, and using interactions between simulations 
and data to refine the original problem or suggest new 
knowledge. Computational approaches are common 
place in most area of biology, to the point where one 
would almost be confident that they represent a viable 
career path (Bourne 2011). Data usually collected in 
ecological studies have a high variability, are time-
consuming, costly, and demanding to collect. In 
parallel, many problems lack appropriate formal 
mathematical formulations. For these reasons, 
computational approaches hold great possibilities, 

notably to further ecological synthesis and help 
decision-making (Petrovskii and Petrovskaya 2012). 

Computational ecology is the application of 
computational thinking to ecological problems. This 
defines three core characteristics of computational 
ecology. First, it recognizes ecological systems as 
complex and adaptive; this places a great emphasis on 
mathematical tools that can handle, or even require, a 
certain degree of stochasticity. Second, it understands 
that data are the final arbiter of any simulation or 
model (Petrovskii and Petrovskaya 2012); this favors the 
use of data-driven approaches and analyses (Beaumont 
2010). Finally, it accepts that some ecological systems 
are too complex to be formulated in mathematical or 
programmatic terms (Pascual 2005); the use of 
conceptual, or “toy” models, as long as they can be 
confronted to empirical data, is preferable to “abusing” 
mathematics by describing the wrong mechanism 
well (May 2004). 

Octagonal arrays and Octagonal patterns are found 
in the literature on picture processing and scene 
analysis. Image generation can be done in many ways in 
formal languages. Several grammars were introduced in 
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the literature to generate various classes of octagonal 
picture languages. The classes of local and recognizable 
octagonal picture languages were introduced by S. 
Kuberal et al. (2017). Petri net have been used for 
analyzing systems that are concurrent, asynchronous, 
distributed, parallel, non-deterministic and/or 
stochastic. Tokens are used in petri nets to simulate 
dynamic and concurrent activities of the system. A 
language can be associated with the execution of a petri 
net. By defining a labeling function for transitions over 
an alphabet, the set of all firing sequences, starting from 
a specific initial marking leading to a finite set of 
terminal markings, generates a language over the 
alphabet. 

Petri net model to generate rectangular arrays has 
been introduced in Lalitha et al. (2012) and Petri net 
model to generate hexagonal arrays has been introduced 
in Lalitha et al. (2011) and Petri net model to generate 
triangular arrays has been introduced in Kuberal et al. 
(2015). Motivated by this concept we have introduced a 
petri net model to generate octagonal arrays. The 
resulting model as an octagonal array token petri net 
structure (OATPNS). 

OCTAGONAL ARRAYS AND ARROWHEADS 
Let Σ be a finite non empty set of symbols. The set 

of all octagonal arrays made up of element of Σ is 
denoted by Σ0∗∗. The size of any octagonal array is 
defined by its parameter. For an octagon the parameters 
are |𝑂𝑂|𝑈𝑈,|𝑂𝑂|𝑅𝑅𝑈𝑈,|𝑂𝑂|𝑅𝑅,|𝑂𝑂|𝑅𝑅𝐿𝐿′,|𝑂𝑂|𝐿𝐿′,|𝑂𝑂|𝐿𝐿𝐿𝐿′,|𝑂𝑂|𝐿𝐿 ,|𝑂𝑂|𝐿𝐿𝑈𝑈and ; 
where U stands for upper; RU stands for right upper; 
R, right; R𝐿𝐿′, right lower; 𝐿𝐿′, lower; L𝐿𝐿′, left lower; 𝐿𝐿, 
left; LU, left upper. 

 
(a)   (b) 

Fig. 1.  

For any octagon there are four types of catenation 
with eight arrowheads are possible. An arrowhead is 
written in the form {… < 𝑣𝑣 > ⋯ } where <v> denotes 
the vertex and the arrowhead is written in the clockwise 
direction. 

Octagon has eight sides namely 1, 2, …, 8 as shown 
in Fig. 1(a). Then A1 will be catenated with sides 1, 2 

and 3; A2 with sides 2,3 and 4; A3 with sides 3, 4 and 5; 
A4 with sides 4,5 and 6; A5 with sides 5,6 and 7; A6 with 
sides 6, 7 and 8; A7 with sides 7, 8 and 1; A8 with sides 
8, 1 and 2. 

 

 

 

 
 

OCTAGONAL ARRAY TOKEN PETRI NETS 
(OATPN) 

In this section we give preliminary definitions of 
petri net and the notations used. 

A petri net is one of several mathematical models for 
the description of distributed systems. A petri net is a 
directed bipartite graph, in which the nodes represent 
transitions (that is events that may occur, signified by 
bars) places (that is conditions, signified by circles). The 
directed arcs from places to a transition denote the pre-
conditions and the directed arcs from the transition to 
places denote the post-conditions (signified by arrows). 
Graphically, places in a petri net may contain a discrete 
number of marks called tokens. Any distribution of 
tokens over the places will represent a configuration of 
the net called a marking (Becerril-Ángel et al. 2017). 

In an abstract sense relating to a petri net diagram, a 
transition of a petri net may fire whenever there are 
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sufficient, tokens at the start of all input arcs, when it 
fires, it consumes these tokens, and places tokens at the 
end of all output arcs. Transitions can be labeled with 
elements of an alphabet. So that the firing sequence 
corresponds to a string over the alphabet. A labeled petri 
net generates a language. Petri net to generate string 
languages is also found in (Peterson 1981). Hack (1975) 
and Baker (1972) have published a report on petri net 
languages. 

We now recall the basic definitions of petri net 
(Lalitha et al. 2012) and the basic notations pertaining to 
octagonal arrays. 

Definition 1. A petri net structure is a four tuple C 
= (P, T, I, O) where P = {p1, p2, …, pn} is a finite set 
of places, n≥ 0, T = {t1, t2, …, tm} is a finite set of 
transitions m ≥ 0, P ∩ T = φ, I: T → P∞ is input 
function from transitions to bags of places and O: T → 
P∞ is the output function from transitions to bags of 
places. 

Definition 2. A petri net marking is an assignment 
of tokens to the places of a petri net. The tokens are 
asked to define the execution of a petri net. The number 
and position of tokens may change during the execution 
of a petrinet.  

Definition 3. An inhibitor arc from a place pi to a 
transition tj has a small circle in the place of arrow in 
regular arcs. This means the transitions tj is enabled only 
if pi has no tokens. A transition is enabled only if all its 
regular inputs have tokens and all its inhibitor inputs 
have zero tokens. 

In this paper octagonal arrays over an alphabet are 
used as tokens. 

Firing Rules 
We define three different types of enabled transition 

in OATPNS. The pre and post condition for firing the 
transition in all the three cases are given below. 

(i) A transition without any label will fire only if all 
the input places have the same octagonal array as a 
token. 

Then on firing the transition arrays from all the 
input places are removed and put in all its output places. 

 
Fig. 2. Position of arrays before firing 

 
Fig. 3. Position of array after firing 

(ii) If all the input places have different arrays then 
the transition without label cannot fire. If the input 
places have different arrays then the label of the 
transition has to specify an input place. When the 
transition fires, the arrays in the input places are 
removed and the array in the place specified in the label 
is put in all the output places. 

 
Fig. 4. Transition with label before firing 

 
Fig. 5. Transition with label after firing 

Definition 4. If C = (P, T, I, O) is a petri net 
structure with octagonal arrays over of Σ0∗∗ as initial 
markings, 𝑀𝑀0:𝑃𝑃 → 𝛴𝛴0∗∗, labels of at least one transition 
being an arrowhead catenation rule and a finite set of 
final places 𝐹𝐹 ⊆ 𝑃𝑃, then the petri net structure C is 
defined as Octagonal Array Token Petri Net Structure 
(OATPNS). 

Definition 5. If C is an OATPNS then the 
language generated by the Petri net C is defined as L(C) 
= {O ∈ Σ0∗∗/ O is in P for some P in F} with arrays of 
Σ0∗∗ in some places as initial marking all possible 
sequences of transitions are fixed. The set of all 
octagonal arrays in the final places F is called the 
language generated by C. 
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(iii) Let a transition t have O  A as a label where is 
in any one of the eight directions ( , , , , , , 

, ). O is the octagonal array in all the input places 
and A is a predefined arrowhead. Then firing the 
transition will catenate A with O in the specified 
direction and put in all the output places subject to the 
condition of arrowhead catenation. If the condition for 
arrowhead catenation is not satisfied then the transition 
cannot fire. 

 
Fig. 6. Transition with upper arrowhead catenation rule 
before firing 

 
Fig. 7. Transition with upper arrowhead catenation 
rule after firing 

 
Fig. 8.  

 

the number of columns of A is 2, firing t adds upper 
arrowhead catenation A1, we get B 

 

 
Fig. 9. Position of token before firing 

 
Fig. 10. Position of token after firing 

Example: 1 ∑={a,●}, F={P1} 
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Firing t1 puts an array in P2 making t2 enabled. Firing 
t2 puts an array in P1. The firing sequence (t1t2)k, k≥0. 
When the transitions t1, t2 fire the array that reaches the 
output place is show below. 

 

The language generated by this OATPNS is 
Octagonal Rangoli. 

Comparison Results 
In this section we recall the definition of Octagonal 

Array Grammar (OAG) (Kamaraj and Thomas 2012) 
and Octagonal Array Language (OAL) and compare the 
generative power of OATPNS with (X: Y) OAL, where 
X, Y ∈{R, CF, CS}. 

Definition 6: 

An octagonal array grammar G = (N, I, T, P, S, L) 
where N, I and T are finite sets of non-terminals, 
intermediates and terminals respectively. P is a finite set 
of productions, P = P1∪ P2 and S ∈ N is the start 
symbol. For each A in I, LA is an intermediate language 
which is a regular CF and CS string language written in 
the appropriate arrowhead form. An arrowhead is 
written in the form {…<v>…} where <v> denotes 
the vertex and the arrowhead is written in the clockwise 
direction L = {LA / A∈ I}. 

P1 consists of an initial rule of one of the following 
form 

(1) S → O  S′  (2) S → O  S′ 

(3) S → O  S′  (4) S → O  S′ 

(5) S → O  S′  (6) S → O  S′ 

(7) S → O  S′  (8) S → O  S′ 

where S′∈ N, S′≠S and O is an octagonal array over T. 

G is regular if the rules of P2 are of the forms 

(1) S1→ A  S2  (2) S1→ A  S2 

(3) S1→ A  S2  (4) S1→ A  S2 

(5) S1→ A  S2  (6) S1→ A  S2 

(7) S1→ A  S2  (8) S1→ A  S2 

where S1, S2∈ N, S1, S2≠ S and A ∈ I. 

Furthermore, if an initial rule is P1 is of the form (r), 
r = 1, 2, …. then P2 does not contain any rule of the 
form (r+1) if r is odd, (r−1) if r is even. Also P1 and P2 
do not contain rules of both the form (r) and (r+1), r = 
1, 3, 5, 7.  

G is CF if the rules are of the form S1→α1  … 
k−1αk (k ≥ 1) where S1∈ N; S1≠ S and αi∈ (N − {S}) ∪ I 
(1≤i≤ k) and  j denotes any one of the six arrowhead 
catenations (1 ≤ j ≤ k−1). 

G is CS if the rules of P2 are of the form β  S1  

δ→βγδ or β  S1→βγ or S1  δ→γδ or S1→γ, where S1∈ 
N, S1≠ S and β, γ, δ are of the form α1  …  αk with 
αi∈ (N − {S}) ∪ I, 1 ≤i≤ k. 

In particular, G is called (X : R) OAG or (X : CF) 
OAG or (X : CS) OAG, for X ∈ {R, CF, CS} according 
as all the intermediate languages are regular or at least 
one of them is CF or at least one of them is CS. 

Derivations proceed as follows: 

First, an initial rule of P1 is applied and then the rules 
of P2 are applied sequentially as in string grammars until 
all the non-terminals are replaced, resulting in a string 
of the form 

O  A1  …  An, where Ai∈ I (1 ≤i≤ n). 

In the second phase of derivations, A1 replaced by an 

arrowhead from 1AL  and catenated to an octagonal 
array O according to the arrowhead catenation symbol 
between O and A1. This is continued until An is 
replaced, resulting in an octagonal array of terminals. 
The length of the arrowhead is determined by the 
condition for arrowhead catenation. 

Definition 7: 

For X, Y ∈ {R, CF, CS}, the (X, Y) octagonal array 
language ((X:Y) OAL) generated by the (X:Y)OAG G is 

L(G) = { O/ S 𝑂𝑂𝐺𝐺
∗
⇒ , O is an Octagonal array}  
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Theorem 1. Every (R:X) OAL, for X ∈ {R, CF, CS} 
can be generated by OATPNS. 

Proof: Let G be the corresponding (R:X) OAG. Let 
S →O  S′ be the initial rule in P1 and L = {LA / A ∈ I} 
be the set of intermediates languages. Define for every 
LA an arrowhead of similar type from A1 toA8. The 
parameters of the arrowhead will depend on the 
parameters of an octagon in the input place. So, firing 
the transition with catenation rule as labels will catenate 
the arrowhead to an octagon. Let O  A1 … An be the 
string of arrowheads Ai and O, which derives the first 
array of the language. 

In OAG the derivation is as follows: Starting with S 
the non-terminal rules are applied without any 
restriction as in string grammar, till all the non-
terminals are replaced then A1 is replaced by an 
arrowhead catenation from LA1 an catenated to the 
octagonal array O according to the arrowhead 
catenation symbol between O and A1. This is continued 
until An is replaced, resulting in an octagonal array of 
terminals. Construction of OATPNS for the case when 
S →O1A1, where A1 is the intermediate. For the other 
case the construction is similar. Define the array A1 

corresponding to the intermediate language LA. Let O1 

be the start place P1 as token. Have a transition t1 with 
upper arrowhead catenation rule O1A1as a label. Let P1 
be the input place of t1. The length of the arrowhead is 
determined by the condition for arrowhead catenations. 

A1 is the array that reaches the input place P1 of the 
transition t1during the course of the execution of the 
net. Let P2 be the output place for the transition t1. The 
array A2 is defined similar to the intermediate language 
generated by LA. Have a transition t2 with the right 
upper arrowhead catenation rule A2, O1A2as a label. Let 
P2 be the input place of t2. A2 is the array that reaches the 
input place P2 of the transition t1 during the course of 
the execution of the net. Let P3 be the output place for 
the transition t2. Similarly the other cases can be dealt. 
Finally, P8 be the input place of t7, have a transition 
t8with the left upper arrowhead catenation rule A8 that 
is O1A8as a label. Let P1 be the output place for the 
transition t8. First time the sequence t1t2…t8 is executed, 
the octagonal array O2is put in P1. Let F={P1} be the 
final set of places. The firing sequence (t1t2…t8)n, n>0in 
P1. Thus {On/n>0} of the o array is octagonal array in 
the language generated. 

 

 

Example: 1 

Let G={Σ, N, S, R} be an octagonal tile rewriting 
grammar, where {•,x}, N={S} and R consists of the 
rules: 

 

A picture in L(G) is, 

 

Size 5 

A picture L(G) is obtained by repeated application of 
the variable size rule and fixed size rule. 

For example, we give the sample derivation to yield 
the picture. 
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Theorem 2. For X ∈ {CF, CS}, Y = {R, CF, CS} 
the family (X:Y) OAL cannot be generated by 
OATPNS. 

Proof. In (CF:Y) OAG the rules in P2would have a 
sequence of catenation on O a certain number of times 

and follow it by another sequence of catenations the 
same number of times. If the petri net structure has a 
subnet C1 for the first sequences of catenations and 
another subnet C2 for the second sequence of 
catenations then there would beno control on the 
number of times C1 and C2 get executed. Hence 
OATPNS cannot generate a (CF:Y) OAL. Since (CF:Y) 
OAL does not contains (CS:Y) OAL, TATPNS cannot 
generate (CS:Y) OAL. 

CONCLUSION 
Ecological computation, due to the unique 

combination of ecology and big data, the course is 
suitable for: ecologists involved in scientific research, 
graduates in mathematics or computing. OATPNS 
generates octagonal arrays. There are three models for 
generating octagonal arrays have been defined and 
compared with some of the already existing models. 
These models are able to generate certain families of 
OAL. If some sort of control is defined on the sequence 
of firing the other families of OAL can also be 
generated. 
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